We study the existence and multiplicity of solutions for a class of impulsive Sturm-Liouville differential equations with nonlinear derivative dependence. By applying a critical point theory, we give some criteria to guarantee that our impulsive problem has at least three solutions under rather different assumptions and an exact interval of parameter λ. 1 α(r 1 ,r 2 ,r 3 ) [ the functional Φ−λΨ admits three distinct critical points u 1 , u 2 , u 3 such that u 1 ∈ Φ −1 (] − ∞, r 1 [), u 2 ∈ Φ −1 ([r 1 , r 2 [) and u 3 ∈ Φ −1 (] − ∞, r 2 + r 3 [).
Introduction
The aim of this paper is to study the following impulsive problem:
a.e. t ∈ [0, T ], ∆J(u ′ (t j )) = λI j (u(t j )), j = 1, 2, . . . , n, αu(0) − βu ′ (0) = 0, γu(T ) + σu ′ (T ) = 0, (1) where p > 1, φ p (s) = |s| p−2 s, α, γ, β, σ > 0, T > 0, t j , j = 1, 2, . . . , n, are instants in which the impulses occur and 0 = t 0 < t 1 < t 2 < ... < t n < t n+1 = T , J(s) = s 0 (p−1)|δ| p−2 h(δ) dδ, ∆J(u ′ (t j )) = J(u ′ (t + j )) − J(u ′ (t − j )), Many biological, chemical and physical processes have been described using models based on the Sturm-Liouville equations. For the background of this equation, we refer the reader to [5] , [10] , [23] . In [23] Tian and Ge based on variational methods have discussed the positive solutions of a second order Sturm-Liouville boundary value problem with a p-Laplacian. Bonanno and D'Aguì in [5] have investigated the existence of infinitely many solutions to a Neumann boundary value problem for the Sturm-Liouville equation by applying multiple critical points theorems. In [10] author obtained the existence of infinitely many solutions to Sturm-Liouville problems by using critical point theory.
The existence of solutions for differential equations with impulsive conditions is studied recently by topological and variational methods (see [19] , [19] , [18] , [2] , [3] , [7] , [8] , [1] , [11] ).
There have been many approaches to investigate the existence of solutions for impulsive Sturm-Liouville differential equations (see [26] , [23] , [24] , [25] , [16] , [21] , [9] ). In [26] , Zhang and Ge have ensured the existence of at least three solutions for a Sturm-Liouville boundary value problem with impulses by using critical point theorem due to Ricceri [20] . Tian and Ge in [23] , [24] , [25] have studied the existence of multiple solutions for some types of Sturm-Liouville impulsive problem via critical point theory, variational methods and lower and upper solutions, respectively. In [21] , the authors based on variational method have obtained the existence criteria of single and multiple solutions for Sturm-Liouville boundary value problem for a class of second-order impulsive differential equations, under different assumptions. In particular, in [9] based on variational and critical point theory the existence of nontrivial solutions for the problem (1) has been investigated.
In this paper, motivated by [6] , [9] , we are interested to discuss the existence of at least three distinct solutions for the problem (1) under appropriate assumptions on the nonlinear terms, and we give the exact collocations for the parameter λ. In particular, f has no behavior at infinity and at zero, namely, there is a growth of the antiderivative of f is either bigger than quadratic in a suitable interval or less than quadratic in the following suitable interval. For example see both of hypotheses (b 1 ) and (b 2 ) of Theorem 3.2, respectively. Let
for any θ > 0. We state here an application of our main result to the considered problem. 
and lim ξ→0 + n j=1
Then, for each λ ∈]0, λ * [, where
the problem (1) admits at least two nontrivial solutions.
The rest of this paper has been organized as follows: In Section 2 we have presented some preliminary results. Our main results and their proofs have been given in Section 3.
Preliminaries
Let X be a nonempty set and Φ, Ψ : X → R be two functions. For all r, r 1 , r 2 > inf X Φ, r 2 > r 1 , r 3 > 0, we define
Our main tool in order to prove the existence results is Theorem 3.3 of [4] . We recall it as follows.
Theorem 2.1. Let X be a reflexive real Banach space, Φ : X → R be a convex, coercive and continuously Gâteaux differentiable functional whose Gâteaux derivative admits a continuous inverse on X * , Ψ : X → R be a continuously Gâteaux differentiable functional whose Gâteaux derivative is compact, such that (a 1 ) inf X Φ = Φ(0) = Ψ(0) = 0;
(a 2 ) for every u 1 , u 2 ∈ X such that Ψ(u 1 ) ≥ 0 and Ψ(u 2 ) ≥ 0, one has inf s∈[0,1]
Assume that there are three positive constants r 1 , r 2 , r 3 with r 1 < r 2 , such that
Then, for each λ ∈] 1 β(r 1 ,r 2 ) ,
We refer to [6] , [17] in which Theorem 2.1 has been employed to ensure the existence of at least three solutions for some boundary value problems.
Let X = W 1,p ([0, T ]) be the Sobolev space equipped with the following norm
It is well known that X is a reflexive real Banach space (see [12] ). Let 
for each u ∈ X.
We can obtain that
Definition 2.2. We say that for any v ∈ X a function u ∈ X is a weak
Lemma 2.1. (see [14] , [15] ) Let the functionals Φ, Ψ : X → R be defined by (4) and (5) . Then, (i) Φ is sequentially weakly lower semicontinuous, continuous, lim ||u||→∞ Φ(u) = ∞, and its derivative at the point u ∈ X is the functional Φ ′ (u) given by
for every v ∈ X. Furthermore, Φ ′ : X → X * admits a continuous inverse on X * .
(ii) Ψ is sequentially weakly upper semicontinuous and its derivative at the point u ∈ X is the functional Ψ ′ (u) given by 
Main results
The main result of this paper is the following. 
where
Then, for each
the problem (1) has at least three solutions u 1 , u 2 and u 3 such that
and (6), we can see that
and also we obtain
Therefore, one has
In a similar way, we get
On the other hand, one has
.
Assumption (a 1 ) yields α(r 1 , r 2 , r 3 ) < β(r 1 , r 2 ). Now, according to Theorem 2.1, for every
the functional Φ − λΨ has three distinct critical points u i , i = 1, 2, 3 in X.
Moreover, Φ(u i ) < r 2 + r 3 , so from (7) we have
, which completes the proof. 
Indeed, let
Then, there exists c > 0 such that
Let Φ and Ψ be as given in (4) and (5), respectively. Due to Theorem 2.1 in [13] , for every λ ∈ ( 1 H 1 , λ) there exists a critical point of
In particular, u λ is a global minimum of the restriction of I λ to Φ −1 (−∞, r λ ). We assert that the function u λ cannot be trivial. Let us prove that lim sup
According to our assumptions at zero, we can fix a sequence ξ n ∈ R + converging to zero and two constants ǫ, ρ (with ǫ > 0) such that for every ξ ∈ [0, ǫ]
|ξ n | p = +∞,
Finally, fix R > 0 and consider a real positive number η with
Then, there is n 0 ∈ N such that ξ n < ǫ and
≥ η|ξ n | p for every n > n 0 . At this point, for every n > n 0 , and bearing in mind the properties of the function v (that is 0 < ξ n v(t) < ǫ for n large enough)
Since R can be selected arbitrarily large, (8) is achieved. Hence, there exists a sequence w n ⊂ X converging to zero such that, for n large enough w n ∈ Φ −1 (−∞, r λ ) and I λ (w n ) = Φ(w n ) − λΨ(w n ) < 0. Since u λ is a global minimum of the restriction of I λ to Φ −1 (−∞, r λ ), we conclude that
so that u λ is not trivial. is strictly decreasing in Λ. Indeed, bearing in mind that Φ is coercive and for every λ ∈ Λ the solution u λ ∈ Φ −1 (−∞, r λ ), one has that there exists a positive constant N such that u λ ≤ N for every λ ∈ Λ. Then, there exists positive constant M such that for every λ ∈ Λ,
Since u λ is a critical point of I λ , we have I ′ λ (u λ )(v) < 0 for every λ ∈ Λ and every v ∈ X. In particular I ′ λ (u λ )(u λ ) = 0 for every λ ∈ Λ. Then, it follows
for every λ ∈ Λ. Letting λ → 0 + , by (10), we obtain lim λ→0 + u λ = 0.
Then, we have the desired conclusion. Finally, we have to prove that the map
is strictly decreasing in Λ. We see that for any v ∈ X, one has
Now, fix 0 < λ 1 < λ 2 < L and let u λ i be the global minimum of the functional
for every i = 1, 2. By (9) we observe that the map
is negative in the open interval Λ. By (12) , (11) and the positivity of λ we have
Furthermore, due to the fact that 0 < λ 1 < λ 2 ,
Then, by (11) , (13) and again by the fact that 0 < λ 1 < λ 2 , we obtain
so that the map λ → I λ (u λ ) is strictly decreasing in λ ∈ Λ.
Theorem 3.2. Assume that there exist three positive constants c 1 , c 4 and ν such that
Then, for each 
On the other hand,
Hence, using the above inequalities, the hypotheses (a 1 ) of Theorem 3.1 is fulfilled.
The example below illustrates one application of Theorem 3.2.
Example 3.1. Put p = 3, T = 1, α = γ = β = σ = 1, n = 2, t 2 = 1 4 and t 1 = 1 2 . Consider the problem
Let
x < 0,
we obtain that J(s) = 1 2 s 2 + 3 2 −2 ln 2 for all s ∈ R, m = 1 and M = 2. By choosing, for instance ν = c 1 = 1 and c 4 = 3 √ 8.7, we have Proof. For fixed λ > λ * , let ν > 0 such that
From (2) and (3) Therefore, Theorem 3.2 and Remark 3.3 ensure the conclusion.
A consequence of Theorem 1.1 is the following existence result. 
Then, for each λ >λ wherē
, the problem
has at least four nontrivial classical solutions.
Proof. Choose
Due to Remark 3.3 and applying Theorem 1.1 to f 1 and f 2 , the proof is completed.
The following example deals with the previous corollary. 
where f (x) = x 3 , 0 ≤ x ≤ 1,
1,
x > 1, and
Let h(x) = In our main result actually no asymptotic condition on f is requested. In the following we observe a special case of Theorem 3.2, in which the problem (1) for λ = 1 is investigated. 
